Abstract: We consider the general problem of laser pulse heating of a spherical dielectric particle embedded in a liquid. The discussed range of the problem parameters is typical for medical and biological applications. We focus on the case, when the heat diffusivity in the particle is of the same order of magnitude as that in the fluid. We perform quantitative analysis of the heat transfer equation based on interplay of four characteristic scales of the problem, namely the particle radius, the characteristic depth of light absorption in the material of the particle and the two heat diffusion lengths: in the particle and in the embedding liquid. A new quantitative characteristic of the laser action, that is the cooling time, describing the temporal scale of the cooling down of the particle after the laser pulse is over, is introduced and discussed. Simple analytical formulas for the temperature rise in the center of the particle and at its surface as well as for the cooling time are obtained. We show that at the appropriate choice of the problem parameters the cooling time may be by many orders of magnitude larger the laser pulse duration. It makes possible to minimize the undesirable damage of healthy tissues owing to the finite size of the laser beam and scattering of the laser radiation, simultaneously keeping the total hyperthermia period large enough to kill the pathogenic cells. An example of application of the developed approach to optimization of the therapeutic effect at the laser heating of particles for cancer therapy is presented.
Introduction
The problem of the laser pulse heating of absorbing particles embedded in a transparent liquid medium is important for different applications, including stimulation of chemical reactions, laser sintering, selective killing of pathogenic bacteria or cancer cells, etc. A metal nanoparticle heated by a laser pulse with the frequency close to its plasmon resonance efficiently converts electromagnetic energy into thermal energy, with dramatic temperature rise in the surrounding medium. As a result, this problem or its substantial parts were a subject of many recent papers in physics, biology, and chemistry (see, e.g., Refs. [1] [2] [3] [4] [5] ).
Among the variety of these publications, the most close to the subject of our present study is ref. [8] . In this paper the problem of the laser heating of the particles is attacked with the help of dimensional analysis. The power of dimensional analysis is well known, see, e.g. book [6] . Changes of the relation between a scale of a problem and the corresponding characteristic scale often results in changes of the corresponding regime(s). An example of this effect in the thermal attenuation and dispersion of sound in an emulsion is presented in ref. [7] . Unfortunately, in most cases the dimensional methods can result just in rather rough estimates with the accuracy up to the order of magnitude. In contrast, in ref. [8] it was shown that dimensional analysis of the non-steady heat diffusion problem based upon the concept of the characteristic scales gives rise to simple formulas for the temperature rise at the surface of the particle T s . These formulas are in surprisingly good agreement with more sophisticated study, as well as with results of the direct numerical simulation of the problem. However, the analysis performed in ref. [8] was restricted by the case, when the heat diffusivity of the particle (χ p ) is much larger than that in the embedded fluid (χ f ). Such a condition holds for metal particles. On the other hand, recently dielectric particles, especially those with high refractive index, have been moved to the very frontier of the general light scattering problem [9, 10] . Then, extension of the results of ref. [8] to the case of dielectrics with low values of the heat diffusivity is required. This extension is presented below.
There are a few important points to be made in this connection: First, the approach developed in ref. [8] and employed in the present paper is valid in a very broad range of the problem parameters. In particular, it may be applied for the duration of the laser pulses varying from femtoseconds to CW regimes and for the laser wavelengths lying from UV to far IR diapasons of the spectrum. Second, though the basic ideas employed in the present paper are the same as those in ref. [8] , the different relations between the characteristic scales of the problem give rise to quite different heating regimes of the particle. Third, in the present paper we introduce and discuss a new quantity -the cooling time of the irradiated particle. This quantity describes the characteristic temporal scale of the cooling down of the particle after the laser pulse is over. In our view this characteristic of the process is extremely important, especially for biomedical applications. Since the total time of the hyperthermia of a biological tissue in the vicinity the particle is the sum of the heating time and cooling one, a large cooling time may extend the hyperthermia period by many orders of magnitudes, making it much larger than the laser pulse duration τ (see the corresponding discussion below). The latter may be vital to the minimization of laser damage of healthy tissues far from the particle, inevitably occurring during the laser action because of a finite size of the laser beam and scattering of the incident radiation. This damage does not occur in the cooling period, while the hyperthermia does, since it lasts as long as the particle remains heated.
Last but not least, the results obtained should not be overvalued. The toy spherically symmetric models adopted in our approach do not take into account many fine effects, such as the essentially non-uniform field distribution in the optically thick dielectric particle with pronounced foci, interference patterns, etc., see, e.g., the recent publication of one of the authors [15] . However, as a rule, these peculiarities do not change the order of magnitude of the temperature achieved at the surface of the particle. Then, the simple results discussed in the present paper can help to select from a broad domain of the possible values of the problem parameters rather narrow subdomains of a special interest. Next, within these subdomains the heating problem may be studied with the help of more precise methods, if such a study is required.
Characteristic scales
Let us consider the heating with a laser pulse with duration τ of a single spherical, spatially uniform particle, embedded in a liquid. We will focus on medico-biological applications of the problem, when the thermometric properties of the embedded liquid are close to those for water. In this case particles with heat diffusivity much smaller than that in water look hypothetical -the lowest actual heat diffusivity of a dielectric particle should be of the same order of magnitude as that of the fluid, i.e., χ p ∼ χ f .
It is also supposed that the embedding medium is transparent at the frequency of the irradiating laser beam. In other words the laser radiation is absorbed by the particle solely. Regarding the heating of the surrounding particle medium, it occurs just because the latter is in a heat contact with the particle.
Since in what follows we are interested in estimations rather than in the exact expressions, we may suppose that the particle is a sphere with radius R. Then, under the specified conditions the problem in question is characterized by the three quantities with dimension of length, namely R, the depth of penetration of the laser radiation into the particle material δ and heat diffusion length 2 √ τ χ p, f [8] . Interplay of these three scales defines the possible regimes of the laser heating. Obviously, there are just six possible cases of the hierarchy of these scales, namely:
The case with R δ [Eq. (1)] we will name the case of a small particle and indicate with letter S, the case Eq. (2) will be named the one of a large particle and indicated with letter L. Let us discuss all the cases one by one.
To begin with, we focus on the power dissipated in the particle P = σ abs I, where I stands for the intensity of the laser beam [W/cm 2 ] and σ abs is the absorption cross section. In the case of a small particle (R δ ) the incident light penetrates into the entire particle, and the energy release should be proportional to the particle volume, that is to say, the absorption cross section should be proportional to R 3 . Then, following the approach developed in ref. [8] it is convenient to present σ abs in the form:
where α is a dimensionless quantity and k = n f ω/c stands for the wave number of the incident light in the fluid. Here n f is the (purely real) refractive index of the fluid and c designates the speed of light in a vacuum.
In the case of the Rayleigh scattering α has the following simple R-independent form [8] :
where ε and ε stand for the real and imaginary parts of the complex relative dielectric permittivity of the particle (ε = ε p /n 2 f ). For a large particle (R δ ) σ abs = πR 2 Q abs .
Apart the points of the so called Mie resonances the R-dependence of the dimensionless quantity Q abs (the scattering efficiency) is weak, so that the main part of the R-dependence of σ abs is reduced to R 2 , explicitly singled out in Eq. (5). Now we are ready to discuss each of the cases, Eqs. (1), (2) in detail.
Specific cases
Case S1:
Owing the smallness of the particle the energy of the laser beam is released homogeneously across the particle. On the other hand, the heat transfer occurs just in narrow layers (one in the particle and another in the liquid) in the proximity of the particle surface. For the sake of simplicity here and in what follows we suppose that the laser pulse has a rectangular shape, so that
Then, from the energy conservation law, neglecting the heat transfer, we obtain:
where C p is the specific heat of the particle, ρ p stands for its density and T max designates the maximal temperature rise in the particle, which in this case is achieved in its center. According to Eq. (7) T max = 3 4
Thus, in this case T max is, practically, R-independent. However, if we could neglect the heat transfer in the bulk of the particle, we cannot do that in the proximity of the particle surface. To simplify the problem we approximate the actual temperature field in this region at 0 ≤ t ≤ τ by linear profiles, supposing that
where T s stands for yet unknown temperature rise at the surface of the particle and x = r − R. Then, the energy balance at −2 √ tχ p ≤ x ≤ 2 √ tχ f reads as follows:
Substituting Eq. (9) into Eq. (10) and solving the resulting equation with respect to T s , one obtains
As it already has been pointed out above, an important characteristic of the laser heating of the particle embedded into a biological tissue for medical, or biological applications is the cooling time τ cool , i.e., the time required for a particle to cool down to the initial temperature after the end of the laser pulse heating. In some cases (see below) τ cool may be much larger than the duration of the laser pulse τ, so that just τ cool determines the actual time of the hyperthermia in the proximity of the particle. For the case in question we have exactly this situation:
Cases S2, S3: R √ τ χ p, f δ and R δ √ τ χ p, f . In these cases there is a quasi-steady temperature field both within and outside the particle. Within the particle this field is described by the the following quasi-steady version of the heat diffusion equation with a spatially homogeneous volume source:
where κ p is the thermal conductivity of the particle. Regarding the liquid, the temperature field there is governed by the homogeneous Laplace equation. The well known solution of the latter, satisfying the boundary condition T → 0 at r → ∞ is
Owing to the quasi-steadiness of the temperature field in this case, the energy balance means that at any moment of time the entire power of the laser beam released in the particle is transferred to the surrounding liquid and then, by heat diffusion in the liquid the heat flux is conveyed to "infinity", which plays the role of a sink in this problem. Then, the heat flux through any spherical surface with radius r, larger than, or equal to R has one and the same value, equal to the power of the laser beam, released in the particle. These arguments give rise to the following equation:
where κ f stands for the heat conductivity of the fluid. Eqs. (14), (15) yield
The temperature profile within the particle is obtained by integration of Eq. (13) . A finite at r = 0 solution of this equation, satisfying the boundary condition T (R) = T s is
The cooling time in this case is still defined by Eq. (12) . It is much smaller than τ. Case L1: √ τ χ p, f δ R. For a large particle the absorption cross section is described by Eq. (5). For the case under consideration the heat diffusion length is the smallest scale in the problem. Then, we can suppose that the energy is released in spatially homogenous manner within the absorption layer δ lying just below the particle surface, while the bulk of the particle remains cool. For the temperature rise T max within the heated layer δ and at the very surface of the particle T s the arguments analogous to those in Case S1 are applied. The only difference between the present case and Case S1 is in the expression for the volume density of the energy release, which now is given by the formula: σ abs It/4πR 2 δ . Thus, now in Eqs. (8), (10) we must replace 4πR 3 /3 by 4πR 2 δ . It yields
Regarding T s , formally it is given by the same Eq. (11), though now in this expression T max is defined by Eq. (18). The cooling time is the one required for broadening of a heated layer with thickness δ due to heat diffusion. The broadening goes faster in the medium with higher value of χ. Then, based on the dimensional analysis we may conclude that
Case L2: δ √ τ χ p, f R. Since for the case in question the temperature diffusion length is much smaller than the radius of the particle, but much larger than the energy release scale, the heating problem may be approximated by heating of two contacting along a plane semi-infinite spaces with one possessing the thermometric properties of the particle and the other with those of the fluid, while the energy is released at the boundary plane between the semispaces. This problem is exactly solvable [12] . The solution yields the following expression for the surfacetemperature rise:
The temperature profile is practically R-independent. and the temperature rise increases as √ t, so that its maximum is achieved at the very end of the laser pulse (t = τ). In this limit the heating -cooling problem does not have any characteristic timescale but τ. Thus, the heating and cooling times are the same and both equal τ.
Case L3: δ R √ τ χ p, f . In this case the temperature field is quasi-steady. It is described by the homogeneous Laplace equation both in the liquid and in the particle, while the energy may be supposed releasing at the surface of the particle. Then, in the fluid the temperature profile is described by Eq. (14), where now
see Eq. (5).
Regarding the temperature within the particle, the only non-singular solution of the homogeneous Laplace equation in the spherically-symmetric case is a constant. Owing to continuity of the temperature field at the surface of the particle, this constant must be equal to T s .
The cooling time is given by Eq. (12) . In the case in question it is much shorter than τ. 
Example of optimization of the laser heating
Let us give an example of application of the developed approach to the optimization of the laser treatment of cancer. It is supposed that the cancer cells are killed selectively owing to their hyperthermia caused by heating of light absorbing particles localized close to the cells, or inside them. In this case it is highly desirable to maximize (i) the temperature at the surface of the particles and (ii) the time of the exposure of the cells to high temperature. In contrast, the duration of the exposure of the healthy tissues to the laser beam should be minimized to prevent harmful side-effects of the treatment.
Bearing it in mind, we inspect the dependance of T s , the heating and cooling time on τ for, e.g., a large particle with R δ . In this case, increasing τ from τ δ 2 /χ p, f to τ R 2 /χ p, f we sequentially move from Case L1 to Case L3. Accordingly, at τ ∼ δ 2 /(4χ) the linear growth of T s with an increase in τ is replaced by much slower ones, proportional to √ τ, which, saturates at τ ∼ R 2 /(4χ). Here χ stands for the heat diffusivity of both the fluid and the particle, since for the problem in question these quantities are of the same order of magnitude. Regarding the cooling time, it is given by the condition:
To give an impression about the discussed dependences in Fig. 1(a) the maximal surface temperature rise for a particle with δ = 10 −5 cm, R = 10 −4 cm and the thermometric constants identical to those of water are presented as functions of the pulse duration τ at several values of the laser beam intensity. In accord with the specified application the range of variations of the temperature rise is selected from zero to hundred degrees Celsius. For the estimate we suppose that σ abs = πR 2 , i.e., the absorption cross section equals the geometric one.
The cooling time as a function of the pulse duration is shown in Fig 1(b) . Note the considerable decrease of the contribution of the pulse duration to the total exposure time at small τ due to the overwhelming role which the cooling time plays in this region.
Thus, to optimize the action of the laser beam according to the aforementioned principles one has to remain within the range of Case L1. For small particles the same is true in Case S1, see Eqs. (8) , (11) , (12) . More concrete recommendations may be formulated if the desired value of T s and the maximal duration of the laser exposure to the healthy tissues are specified.
Conclusions
Our analysis results in simple analytical expressions, describing the heating with a laser pulse of a dielectric particle embedded in a transparent liquid and its cooling down after the pulse is over. The obtained formulas cover any possible case of the hierarchy of the characteristic scales of the problem, provided the heat diffusivity of the particle and that of the fluid are of the same order of magnitude. Quite different dependence of the maximal temperature rise achieved during the laser pulse within the particle and on it surface on the problem parameters at different relations between the characteristic scales should be stressed. The results obtained may be employed for the optimization of the laser heating in order to maximize the positive effects of the laser treatment at various medical and/or biological applications of the problem in question and in a wide variety of other problems.
